1. Introduction. In this note we describe some recent developments on the F. and M. Riesz theorem.
The original F. and M. Riesz theorem is as follows: Let T = {z : |z| = 1} = {e iθ : 0 ≤ θ < 2π} be the unit circle and µ be a complex Borel measure on T such that the Fourier transform of µ vanishes on the negative integers, i.e.
µ(n) = 1 2π
T e −inθ dµ(θ) = 0 for n = −1, −2, . . .
Then µ is absolutely continuous with respect to Lebesgue measure on T.
From this theorem, we can deduce the famous Rudin-Carleson theorem: Let F be a closed subset of T. Every continuous function on F can be extended to an analytic function inside the unit disk with boundary value on F equal to the given continuous function on F if and only if F is a Lebesgue measure zero set.
Later, Helson and Lowdenslager generalized the F. and M. Riesz theorem to compact Abelian groups with ordered duals. De Leeuw and Glicksberg, Doss and Yamaguchi shortly afterwards obtained a number of related results.
2. Generalization of the F. and M. Riesz theorem to locally compact Abelian groups. Let G be an Abelian group. We say that G is an ordered group if G contains a subsemigroup P such that P ∪ (−P ) = G and P ∩ (−P ) = {0}. We will call P an order in G. It is well known that G is an ordered group if and only if G is torsion free. We shall write x ≥ y iff x − y ∈ P . It is easy to see that ≥ is a total order.
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[227] 228 S. KOSHI Let G be a locally compact Abelian group and let G be its dual group. A fixed but arbitrary Haar measure on G will be denoted by m G . The symbol M (G) will denote the Banach algebra of all bounded regular complex Borel measures on G under convolution multiplication and the total variation norm. For an element x in G, δ x denotes the Dirac measure at x. For µ ∈ M (G), let µ a and µ s be respectively the absolutely continuous and singular parts of µ with respect to m G . We denote the Fourier transform of a measure µ by µ and the convolution of measures µ and ν by µ * ν. For a subset E of G, M E (G) denotes the space of measures in M (G) whose Fourier transforms vanish on G \ E.
We now state the theorems mentioned in Section 1.
Theorem 1 (Helson-Lowdenslager). Let G be a compact Abelian group with ordered dual G and let P be an order in G. If µ is a measure in M P (G) then µ a and µ s belong to M P (G) and moreover µ s (0) = 0.
The proof of this theorem is found in [4] and based on a minimizing process in a certain Hilbert space.
Let G be a compact Abelian group with dual G. It is known that there is an order in G iff G is connected.
If
where T is the circle group and Z is the group of integers. Z 2 is the set of lattice points (m, n), m, n ∈ Z, in the Euclidean plane R 2 . An order in Z 2 can be described by the half plane determined by a line ℓ : y = αx through the origin 0. If
, then P ∩ ℓ is a half line and α is rational.
Theorem 2. Let G be a compact Abelian group and let P be a subsemigroup of G such that P ∪ (−P ) = G. If µ is a measure in M P c (G), then µ a and µ s also belong to M P c (G).
This theorem was first proved by Yamaguchi [15] . Using Theorem 2 we can prove the next theorem due to Doss: Theorem 3 (Doss). Let G be a locally compact Abelian group with ordered dual G and let P be an order in G. If µ is a measure in M P (G), then µ a and µ s belong to M P (G) and moreover µ s (0) = 0. Doss's proof of Theorem 3 has a flaw, since he tacitly assumes that an order P is Haar measurable. We have found that there exists a non-Haar measurable order P if we assume the axiom of choice.
With the aid of Theorem 2, we can easily prove the following theorem due to Yamaguchi.
Theorem 4 (Yamaguchi). Let G be a locally compact Abelian group and let P be a subsemigroup of G such that P ∪ (−P ) = G. If µ is a measure in M P (G), then µ a and µ s also belong to M P (G).
3. Characterization of groups with respect to the F. and M. Riesz theorem. If G = T 2 , then G = Z 2 and P = {(m, n) : n > 0} ∪ {(m, 0) : m ≥ 0} is an order in Z 2 . If µ is the product measure e iθ dθ×δ 0 on T 2 , then µ is singular with respect to the Haar measure on T 2 . We can easily show that µ is in M P (T 2 ). Hence in T 2 we cannot expect that every measure in M P (T 2 ) is absolutely continuous with respect to the Haar measure.
Let G be a locally compact group and G be its dual group with a nondense order P in G. We say that P in G has the FMR property if every measure in M P (G) is absolutely continuous. In other words, P has the FMR property if
Examining the structure of orders in G, we get the following theorem:
Theorem 5. Let A be a discrete divisible Abelian group, possibly {0}. Let K be the character group of A which is compact and torsion free. Let G be the group A × T. Let P be any nondense order in the dual group K × Z = G of G. Then P enjoys the FMR property.
Theorem 6. Suppose that G is as in Theorem 5. Let G be the group R × A. Let P be an arbitrary nondense order in the dual group G = R × K of G. Then P enjoys the FMR property.
The converses of Theorems 5 and 6 are also true and we have the following theorem.
Theorem 7. Suppose that G is neither of the form Z × K nor R × K for a compact group K. Let P be an arbitrary nondense order in the dual group G. Then there is a nonzero singular measure in M P (G).
Proofs of Theorems 5, 6, 7 are found in [5] .
4. Glicksberg's theorem. Consider a subsemigroup S of the dual group G of a locally compact Abelian group G.
Glicksberg obtained the following theorem (an easy proof is given in [9] ).
Theorem 8. Let G be a locally compact Abelian group and G be its dual group. Let S be a closed subsemigroup such that S − S is dense in G. Then there exists a nonzero µ ∈ M S c (G) which is singular with respect to Haar measure m G on G unless G = R × ∆ or T × ∆ for a discrete group ∆.
The converse of Theorem 8 is also true. S is usually not an order in G and Theorems 8 and 9 are new even in the case of G = R.
In Theorems 8 and 9, it is not necessary to assume the discrete group ∆ to be divisible.
5. The F. and M. Riesz theorem in some convolution algebra in the unit disk. Let D be the unit disk and m be the positive measure on D defined by
where α is a positive real number. Let M α (D) be the space of all bounded regular complex-valued Borel measures on D.
For each z in D, the operator T z is defined by
for f continuous on D. By changing variables, if z and ζ are in the interior of D, we find a function E α (z, ζ, ξ) with
where
for f continuous on D. Then the new convolution operation * makes D a hypergroup, i.e. * is commutative and associative and M α (D) is a commutative Banach algebra with unit under the multiplication operation * and the usual total variation norm. We define the Fourier transform µ of µ as a function of (m, n) ∈ Z + × Z + , where Z + is the set of all nonnegative integers, as follows: After these preparations, we formulate the following F. and M. Riesz type theorem due to Kanjin [8] .
Theorem 10 (Kanjin). Let α > 0 and µ ∈ M α (D). If there exists a positive integer N such that µ(m, n) = 0 for min(m, n) > N , then µ is absolutely continuous with respect to m α .
It is interesting that Theorem 10 can be extended to more general hypergroups.
